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1. INTRODUCTION 
The famous van der Waerden conjecture [ 181, which is now a theorem 
[IO], states that the permanent of an n X n double stochastic matrix is never 
less than n!/n”. This minimum value is attained for the matrix whose entries 
are all equal to l/n. It is well known that recently the theorem was proved 
independently by Egorychev [8] and Falikman 191. Coincidentally, in their 
proofs, they adopted the Alexandroff-Flenchel inequality on permanents 
(e.g., see Knuth [ 11, p. 7351, Lagarias [ 14, p. 1321, or van Lint [ 19, p. 73; 
20, p. 31 for a detailed account): 
per(v, , v2 ,..., v,)’ > per(v,, v,, u3,..., on> per(v,, vq, v3,..., v,) (1) 
with equality holding if and only if v, = Au, for some constant 1, where 
VI, uz,..., v, are vectors in R” with positive coordinates. In [25], Wang 
proved, among other things, the conjecture by a use of the functional 
equation approach of dynamic programming [4-71 and submitted for 
publication in 1980. 
In this paper, we will not make any further remarks directly concerning 
this conjecture (or theorem) but will present several inequalities [3, 151 in 
connection with the backward Cauchy inequality, by which (1) is proved 
(see van Lint [ 19, p. 761): 
(2) 
with equality holding if and only if b, = la,, where u,, b, > 0, 1 < n < N; 1 
is a constant. Here and in what follows C is used to indicate Ccz2, 
whenever confusion is unlikely to occur. The convention CA=1 = 0 is also 
used. 
* The author was supported in part by the NSERC of Canada (Grant A4091). 
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As revealed in Bellman and Lee [7], the functional equation approach has 
been a powerful tool in solving optimization problems through dynamic 
programming (e.g., see [4-7, 161). In fact, the functional equation approach 
is not only applicable to a wide range of optimization problems [4-7, 161, 
but also is handy in establishing inequalities [ 1, 12, 13, 21-261. 
This paper is a continuation of Wang [21-261. So, we shall establish the 
Holder-Lorentz inequality, the Minkowski-Lorentz inequality (e.g., see 
Bellman [ 31) and the Beckenbach-Lorentz inequality successively through 
the functional equation approach of dynamic programming [4, 51. Undoub- 
tedly, these will not only illustrate further the elegance and versatility of this 
approach but also serve as examples concerning the linkage between 
inequalities and mathematical programming [27]. 
Notations and symbols used in [21] will be adopted here with a little 
modification. For the classical inequalities cited here without mentioning any 
source, one should refer to Beckenbach and Bellman [2], Hardy, Littlewood, 
and Polya [lo], or Mitrinovic [ 151 for details. 
2. HOLDER-LORENTZ INEQUALITY 
Corresponding to the Cauchy and Holder inequalities, a natural 
generalization of the backward Cauchy inequality (2) is now given as 
follows. 
HOLDER-LORENTZ THEOREM. Let b, > 0, 1 < n < N, be given and let p, 
q satisfy q = p/(p - 1). Then for p > 1 the H-L inequality 
b,x,-zb,x,> b,-xb ( 4 
holds for all x, ,..., x,,, > 0. The sign of inequality is reversed for 0 < p < 1. In 
either case, the sign of equality holds if and only if 
XT _ xb - . . . =- 
b’: b;’ 
To prove the theorem, for p > 1 we consider the problem 
(4) 
f,(a) = min 
X” 
b,x, -x b,x, 
subject to 
xf - C x”, = a, a > 0, x, > 0. (6) 
(5) 
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Then, adopting a similar argument as that given in [21], we obtain the 
recurrence relation 
(7) 
for N = 2, 3,..., withf,(a) = b,u”P. 
Putting x, = al’pYn, 1 < n < N, for (5), (6), and (7) we have 
f,(a) = PYxl) (8) 
and then 
.tv(l) = ($f<, I(1 + Y”NY’Y-dl> - by,]. 
Since y, = bfp/[f$- r( 1) - b;] ‘lp minimizes 
(1 + JwPfN-l(l) --b,Yhu 
a direct substitution yields the recurrence relation 
Ml) = Vi- l(l) - &I 1’q- (9) 
Since fi( 1) = b, , an easy induction on (9) gives 
&(I)= (by-Tb”)ll*. (10) 
It is now clear that the H-L inequality (3) follows from (5), (8), and (10). 
Also the sign of equality holds if and only if (4) holds. 
For 0 < p < 1, the analysis is similar, mutatis mutandis, with the roles of 
the forms 
b,x, -c b,xn 
and 
interchanged. 
Remark. A result given in [ 171 (which is now recorded as Theorem 2 in 
[ 15, p. 581) is somewhat different from the H-L inequality (3). 
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3. MINKOWSKI-LORENTZ INEQUALITY 
The M-L inequality is not new. For example, this inequality was 
investigated respectively by Bellman [3] and Popoviciu [ 171 (see also 
Mitrinovic [ 15, p. 571). We now state it as follows. 
MINKOWSKI-LORENTZ THEOREM. Let b, > 0, 1 <n<N, be given. Then 
for p > 1 the M-L inequality 
(4 + xl)” - 1 (b, + x,J’ > [ (b:l:b:)“‘+ (x:-~x;)“p]p (II) 
holds for all x1 ,..., x,,, > 0. The sign of inequality is reversed for 0 < p < 1. In 
either case, the sign of equality holds if and only if 
Xl XIV -= . . . =-.--* 
b, b, 
(12) 
To prove the theorem, for p > 1, we consider the problem 
(b, +xJp - t (b, + xJp , 
I 
l<K<N, (13) 
II=2 
subject to 
x: - t x: = a, a > 0, x, > 0. (14) 
n=2 
Using the principle of optimality [4], we obtain the recurrence relation 
f,(a) = o,~~a,,n if,-,@ +&- (b, +qJp] 
for K = 2, 3,..., N, with f,(a) = (b, + al’p)p. By induction it is easy to 
establish 
f,(a) = min 
O<X,<O’lP 
K-l IlP 
b: - x bP, + (a + xK)“l’ 
n=2 
~p-(b,+X,)P]~ (l5) 
The minimum is attained for 
bKa’lP 
xK = (b: - X:=2 b;)“” ’ 
2<K<N. (16) 
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Substituting (16) into (15), a simplification yields 
f,(a) = [ (b: - f2 b:) 1/P + aq, 1 <K < N. (17) 
It is now clear that the inequality (11) follows from (13), (14), and (17). 
Also the sign of equality holds if and only if (12) holds. For 0 < p < 1, the 
analysis is similar, mutatis mutandis, with the roles of the forms, 
(b,+xJP- -+ (b,+xJP 
ni, 
and 
interchanged. 
K 
x; - -v x", - 
n=2 
4. BECKENBACH-LORENTZ INEQUALITY 
One of the most remarkable generalizations of the discrete Holder 
inequality was proved by E. F. Beckenbach as Theorem 1 given on page 24 
of [I] in 1966. This generalization is now known as Beckenbach inequality 
(see Mitrinovic [ 15, p. 521 and Wang [21] also). Corresponding to the 
Beckenbach inequality [ 11, we formulate a theorem for an indefinite form as 
follows. 
BECKENBACH-LORENTZ THEOREM. Let C,, K, > 0, l<n<N, 
0 < M < N be given and let p, q satisfy q = p/(p - 1). Then for p > 1 the 
B-L inequality 
where 
c, = (AKJB)“‘“, M+l<n<N, 
with 
(18) 
A=+f=,C;, B=K,C,- 2 K,C,, 
II==2 
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holds for all x M+, ,..., x, > 0. The sign of inequality is reversed for 0 c p c 1. 
In either case, the sign of equality holds if and only if 
x,=c,, M+l<n<N. (19) 
To prove the theorem, arguing in an almost identical manner as that in 
[21, p. 4281, we begin with the problem of maximizing 
(-4 - ELf+ 1 xy 
B - CL+ 1 KP, 
subject o 
5 $3, a > 0, x~+~,...,x,>~. 
n=‘wt1 
(20) 
(21) 
Since A and B are constants, the problem (20~(21) is obviously 
equivalent o the problem of maximizing 
f Kzxn (22) 
n=M+l 
subject o (21). 
Denote now the maximum values of the functions (20) and (22) by FN(a) 
and fN(a), respectively, for N = 1, 2 ,... . Clearly, 
For the problem (22)-(21), which is a dynamic programming setting of 
the usual Holder inequality, as presented in [21, p. 4261, we obtain 
fN(a)= 5 K$',, 
n=A4+ 1 
where 
It remains to show that c, = C,,, M + 1 < n < N. In doing so, we consider 
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The maximum is attained for 
qIp 
X M+l= ~ or 
The conclusion of the theorem for p > 1 is now clear. 
For 1 > p > 0, the analysis is similar, mutatis mutandis, with the roles of 
the forms 
2 Knxn 
n=b4+1 
and 
interchanged. 
5. CONCLUDING REMARKS 
There have been many interesting and useful generalizations of the 
Cauchy inequality and the Holder inequality (e.g., see [2, 10, 191). 
Analogously, it may be expected that the above results will provide some 
stimulation to renew our interest toward the inequalities discussed (see 
[3, 15, 171 also). In fact, variants and generalizations of the H-L inequality 
are in preparation [28]. 
At this situation occured in [21], the technique of changing variables is 
used for establishing the H-L inequality in Section 2, but it somehow cannot 
be used (due to the term (b, + x~)~) to establish the M-L inequality in 
Section 3. Instead, a straight induction is used for solving the problem. 
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